We examine the problem of writing every sufficiently large even number as the sum of two primes and at most K powers of 2. We outline an approach that only just falls short of improving the current bounds on K. Finally, we improve the estimates in other Waring-Goldbach problems.
Introduction
The Goldbach conjecture is that every even n > 4 can be written as a sum of two prime numbers. Linnik proved that there exists a finite K such that, for all sufficiently large even n, one may write n = p + q + 2 ν 1 + 2 ν 2 + · · · + 2 νr ,
where p and q are primes, the ν i are positive integers, and where r ≤ K. For a historical development on bounding the size of K, see [4, §1] .
Significant improvements on the size of K were made by Heath-Brown and Puchta [4] and, independently, by Pintz and Ruzsa [26] . Heath-Brown and Puchta showed that K ≤ 13, and on the Generalised Riemann Hypothesis (GRH) that K ≤ 7. Pintz and Ruzsa established this latter result and announced that they could show unconditionally that K ≤ 8. This paper is yet to appear in print. Elsholtz, in an unpublished manuscript, showed that K ≤ 12; this was proved independently by Liu and Lü [21] .
The methods of Heath-Brown and Puchta and of Pintz and Ruzsa allow one to show that K is admissible in (1) provided that
for certain constants C 0 , C 1 , C 2 , C 3 , λ and c. The inequality (2) follows from §6 in [4] and the relations (8.20) and (8.21) in [26] , which, although proved under GRH, give analogous results unconditionally.
We have
where, according to Wrench [8] ,
Indeed, Wrench computed C 0 to 45 digits; the truncated bound in (3) is certainly fit for purpose.
As for C 2 we have
where k(n) is a multiplicative function defined by
and where ǫ(d) is the multiplicative order of 2 modulo d. Lemma 2 ′′ of [25] shows that 1.2783521041 < C 2 C 0 < 1.2784421041, which may be combined with (3) to give 1.93642 < C 2 < 1.93656.
The constant C 1 is that which appears in Chen's work on the twin prime conjecture. Heath-Brown and Puchta take C 1 = 7.8342 as in [2] ; Liu and Lü take C 1 = 7.8209 as in [30] .
in which D is a fixed number, and
Heath-Brown and Puchta used D = 5 to show that C 3 ≥ 2.7895; Liu and Lü used D = 11 to show that C 3 ≥ 2.8096; it is remarked in [4] that Elsholtz used D = 21 to show that C 3 ≥ 2.96169.
To define c and λ we first define
where e(x) = exp(2πix). For c > 0 we seek to find the smallest positive value of λ such that
Heath-Brown and Puchta showed that one may take c = 109/154 unconditionally; Pintz and Ruzsa claim that one may take c = 3/5. Both sets of authors show that one may take c = that one may take K = 12, and K = 7 on GRH. It is clear that there is little to be gained by pursuing improvements in C 0 and in C 2 . It appears difficult to improve C 1 at all substantially -see [30, Rem. 2, p. 253] . In §2 we improve the value of C 3 ; in §3 we investigate λ. Finally, in §4 we improve on estimates for some related problems.
Computing C 3
Heath-Brown and Puchta examined all those d ≤ D for which 2 is a primitive root modulo d. They stated that, in this case,
To improve on the value we could take for C 3 we wished to consider more general d. Algorithm 1 describes the approach we adopted. . Following a suggestion by Roger Heath-Brown, we introduce a slight variation of the above argument. Let the worst residue class modulo d be that which contributes the least to H(d; N, K). Suppose, for example, that the worst residue class modulo 15 is N ≡ 0, and the worst residue class modulo 3 is N ≡ 1. Since there can be no values of N that belong to both residue classes, this 'worst of the worst' scenario does not arise. We therefore limit ourselves to admissible values: that is, sets of residue classes for N that could be simultaneously satisfied. Modifying the above Algorithm 1 to take advantage of this is a trivial matter.
Setting up the initial vector requires
d + ǫ(d) = O(d)
Implementation and Results
We implemented the above algorithm in C++ using GMP [3] for the large integer arithmetic and MPFI [28] to handle floating point quantities as intervals, thereby avoiding any issues with rounding. We summed over all d ≤ 40, 000 and considered admissibility modulo 255, 255 to obtain C 3 ≥ 3.011112 for K = 6 and C 3 ≥ 3.02858417 for K = 11. The computations required 58 hours in the case of K = 6 and 116 hours in the case of K = 11 on a single core of a 1.8 GHz Intel Xeon E5-2603.
By modern standards these run times are modest; it would be a simple matter to go higher in d. However, we expect the returns to be very small based on the following argument. We shall ignore admissibility since the improvement we observed when introducing it to our algorithm was small. In this case, the best we can hope for is an even distribution of the counts over all the residue classes modulo d. Thus we expect H(d; N, K) to be about ǫ(d) K /d, whence the contribution from each d to C 3 will be no more than
. We note that this treatment removes the dependency on K. Further, we have trivially that
It seems that the potential gains from further computation are limited.
Computing λ and K
To estimate λ, we use the method given by Pintz and Ruzsa [26] . Essentially one wishes to approximate G L (x) in (4) by estimating the error in G 2 h (x) − G L (x) for h large. It is to this purpose that § §3-7 of [26] are dedicated. Heath-Brown and Puchta took h = 16; Liu and Lü took h = 23. Using the method of Pintz and Ruzsa we are able to take h considerably larger.
The authors are grateful to Alessandro Languasco who supplied his Pari [1] implementation of this algorithm. We took h = 2 138 with polynomials 2 of degree 40 to obtain λ ≤ 0.8594000 unconditionally and λ ≤ 0.7163436 on GRH. The computations take about 15 minutes using Pari, or about double that when implemented in C using the interval arithmetic package ARB [7] . The latter approach confirms that the stated values for λ are accurate to the precision given.
With (C 3 , λ) = (3.02858417, 0.8594000) in the unconditional case and with (C 3 , λ) = (3.011112, 0.7163436) on GRH we have K ≥ 11.0953 unconditionally, K ≥ 6.09353 on GRH.
This means we are just short of being able to take K = 11 and, on GRH, K = 6. Given the difficulty in improving the values of C 3 and λ with existing methods, it seems that a new idea is needed to improve the estimate on K.
As a consolation prize, we applied the same code to some other problems. For these problems one has a possibly different value of c for which one wishes to calculate a small value of λ. The results are summarised in Table 1 .
Other Waring-Goldbach problems
Suppose it is conjectured that for all sufficiently large N we have N = f 1 +· · ·+f r for certain numbers f i . Suppose that we can prove the following approximation of this conjecture, that N = f 1 + · · ·+ f r + 2 ν 1 + · · ·+ 2 νr , where r ≤ K for some K. Just as in Linnik's approximation to Goldbach's conjecture, one seeks good bounds on K. Various approximations have been given to problems involving sums of powers of primes. We investigate ten of them below.
For the following problems the value of c has been established in the literature. It may be possible to improve this value and some of the other arguments that lead to the estimates on K in problems (A)-(J). We have not pursued this: we limited ourselves to improving the value of λ since this appears to be the most influential parameter.
Even numbers as sums of four squares of primes
This was considered in [14, 13, 12, 10] and most recently by Zhao [31] who showed that K A ≤ 46.
Odd numbers as sums of a prime and two squares of primes
This was considered in [14, 15, 6, 11, 24] and most recently by Liu [19] who showed that K B ≤ 35.
Even numbers as sums of eight cubes of primes
This was considered in [20] and most recently by Liu [16] who showed that K C ≤ 341.
4.0.4 Odd numbers as sums of a prime and four cubes of primes
This considered by Liu and Lü [22] who showed that K D ≤ 106.
4.0.5 Even numbers as sums of two squares of primes and four cubes of primes
This was considered by Liu and Lü [22] who showed that K E ≤ 211.
4.0.6 Even numbers as sums of a prime, a square of a prime and two cubes of primes
This was considered by Liu and Lü [23] who showed that K F ≤ 161.
In the nextfour problems one asks when the equations are true simultaneously for positive even integers B 1 and B 2 with B 1 > B 2 .
4.0.7 Even numbers as sums of two primes, simultaneously
This was considered by Kong [9] who showed that K G ≤ 63 and that, on GRH, K G ≤ 31.
4.0.8 Even numbers as sums of four squares of primes, simultaneously
This was considered in [18] and most recently by Hu and Liu [5] who showed that K H ≤ 142. 
This was considered by Liu [18] who showed that K I ≤ 1432. 
This was considered by Liu [17] who showed that K J ≤ 332. 
